In this paper, we present a continuous time Capital Asset Pricing Model where the volatilities of the market index and the stock are both stochastic. Using a singular perturbation technique, we provide approximations for the prices of European options on both the stock and the index. We derive then an estimator of the parameter beta under the risk-neutral pricing measure P * using option and underlying prices. Following that, we study empirically the discrepancy between the implied value of the parameter β under P * and its realized value under the real-world probability measure P. Finally, we show that the parameter β is crucial for the hedging of stock options using instruments on the index, and we study numerically the performance of the proposed hedging strategies.
Introduction
The capital asset pricing model is an econometric model that provides an estimation of an asset's return in function of the systematic risk or the market risk. This model is an expansion of an earlier work of Markowitz on portfolio construction (see [1] ). The CAPM model was considered to be an original and innovative model because it introduced he concept of systematic and specific risk. The parameter β, which is a key parameter in this model, enables to separate the stock risk into two parts: the first part represents the systematic risk contained in the market index, while the second part is the idiosyncratic risk that reflects the specific performance of the stock. The parameter beta in the capital asset pricing model is very useful for portfolio construction purposes (see [2] [3] [4] ), thus its estimation is a matter of interest and has been a subject of study for several authors in the last decades. This parameter was traditionally estimated using historical data of daily returns of the stock and the market index where it is obtained as the slope of the linear regression of stock returns on market index returns (see [5] ). This approach is backward-looking as it estimates the realized value of the parameter in the past using historical data. The authors in [6, 7] showed that the parameter β is not constant but rather time-varying. Thus, the value of the realized beta in the future can be remarkably different from its value in the past, and the backward-looking estimation may be inefficient.
In the recent literature, different authors have focused on the estimation of the beta coefficient using option data, which provides a different estimation method for this parameter. Indeed, whereas classical methods allow an historical estimation of this parameter, the option based estimation method enables to obtain a "forward looking" measure of this parameter. Thus, the obtained estimator represents the information contained in derivatives prices and then summarizes the expectation of market participants for the forward realization of this parameter.
In [8] , Christoffersen, Jacobs and Vainberg provided an estimation of this parameter using the risk-neutral variance and skewness of the stock and the index. More recently, Fouque and Kollman proposed in [9] a continuous-time CAPM model in which the market index has a stochastic volatility driven by a fast mean-reverting process. Using a singular perturbation method, they managed to obtain an approximation of the beta parameter depending on the skews of implied volatilities of both the stock and the index. Fouque and Tashman introduced in [10] a "Stressed-Beta model" in which the parameter β can take two values depending on the market regime. Using this model, Fouque et al. provided a method to price options on the index and the stock. This method enables also to estimate the parameter β based on options data. In [11] , Carr and Madan used the CAPM model to price options on the stock when options on the index are liquid. Their approach didn't aim to estimate the parameter beta using option prices, but to price options on the stock given the parameter beta and options prices on the market index.
This work deals with the estimation of the coefficient beta under the risk-neutral measure using options prices and highlights the utility of the obtained estimator for diverse applications. The paper is organized as follows. In the second section, we present the capital asset pricing model with constant idiosyncratic volatility for the stock. We recall briefly the method presented in [9] , which allows to estimate the parameter beta using implied volatility data. In the third section, we consider a new model in which the stock's idiosyncratic volatility is stochastic. This choice was motivated by several empirical studies which confirm the random character of the idiosyncratic volatility process, thus the new model is more adapted to describe the joint dynamics of the stock and the market index. In the setting of the new model, we provide approximations for European option prices on both the stock and the index through the use of a singular perturbation technique. Afterward, we deduce an estimator of the parameter beta using option and underlying prices, and we call it the implied beta. In the fourth section, we present some possible applications which emphasize the utility of the beta estimator. First, we investigate the capacity of the implied beta to predict the forward realized beta under the historic probability measure. Then, in a second application, we show that the parameter beta can be used for the purpose of hedging stock options using instruments on the index. We run Monte-Carlo simulations to support the theoretical study and test numerically the hedging methods.
Model with Constant Idiosyncratic Volatility

Presentation of the Model
Consider a financial market living on a stochastic basis (Ω, F , F, P), where the filtration F = {F t } satisfies the usual conditions, and where P is the objective probability measure. The authors in [9] proposed a continuous time capital asset pricing model where the market index has a stochastic volatility. Under the probability measure P, the dynamics of the stock S and the index I are described as follows:
where W
The authors made the assumption that 0 < ε 1 which implies that the process (Y ), which drives the index volatility, is a fast mean-reverting Ornstein-Uhlenbeck process.
⎠ where the function γ denotes the volatility risk-premium.
The probability measure P * , equivalent to P, is defined in the following way:
Under continuity and boundedness conditions on the function γ , P * is a riskneutral probability measure under which the index and the stock have the following dynamics:
Calibration of Implied Beta
Using a singular perturbation method with respect to the small parameter ε, the authors in [9] obtained an approximationP I,ε (K I , T ) for the price of an European call on the index with strike K I and maturity T , and an approximationP S,ε (K S , T ) for the price of an European call on the stock with strike K S and maturity T . Afterward, through the use of a Taylor expansion in √ ε for the implied volatility of the stock and the index, they provided an approximation for the implied volatilities Σ I (K I , T ) and Σ S (K S , T ) of the index and the stock respectively:
It should be precised that he quantities F I and F S denote the forward prices for maturity T of the index and the stock respectively, while the quantities b I , a I , b S , a S are functions of the model parameters. Thus, the parameter β can be approximated byβ which is defined as :β 
Limits of the Model
In the model described so far, the stock's idiosyncratic volatility is supposed to be constant and equal to σ . This hypothesis can be considered too strong, indeed the authors in [12] [13] [14] [15] conducted empirical studies on the idiosyncratic volatility and gave empirical evidence of the randomness of this process. In order to have an idea about the magnitude of fluctuations of the idiosyncratic volatility, the graph of the parameter σ of the Financial Select Sector (named XLF) when projected on the SPX index is given below. The considered period ranges from 01/01/2008 to 31/12/2012. The parameter σ is obtained through the computation of the standard deviation of errors in the linear regression of the daily returns of the Financial Select Sector (XLF) on the daily returns of the SPX index using a sliding window of one month (Fig. 1) .
The inspection of the graph above shows that the assumption of constant idiosyncratic volatility can be strong, and thus can induce a misleading understanding of the joint dynamics of the stock and the index. Consequently, a new model will be introduced in the next section in order to account for this characteristic.
Model with Stochastic Idiosyncratic Volatility
A new continuous-time capital asset pricing model is presented here. In this model setting, the stock's idiosyncratic volatility is driven by a fast mean-reverting Ornstein-Uhlenbeck process. The aim of this section is to derive approximations for European option prices on both the stock and the index, and to provide an estimator of the parameter β using option prices.
Presentation of the Model
Under the historic probability measure P, the stock and the index have the following dynamics:
Wiener process. It is supposed that 0 < ε 1 and 0 < ε α 1. This hypothesis implies that the processes (Y ) and (Z ) are fast mean-reverting Ornstein-Uhlenbeck processes.
Let the process λ be defined as
where the functions γ 1 and γ 2 denote the volatility risk premiums related to the processes Y and Z respectively. The probability measure P * , equivalent to P, can then be defined as follows:
It can be deduced, through the use of Girsanov's theorem, that W * is a (P * , {F t }) Brownian motion. Thus, the dynamics of the stock and the index, and under P * , can be described in the following way:
where:
The processes W * , (3) and W * , (4) are Brownian motions under P * such that: (5) ,
Pricing Options on the Index and the Stock
Approximation Formula for Index Option Price
be the price of an European call on the index with strike K I and maturity T. The processes (I ) and (Y ) have the same dynamics as in the model with constant idiosyncratic volatility, which implies that the pricing of index options remains the same. By means of a singular perturbation method with respect to the parameter ε, the authors obtained in [9] an approximationP I,ε (K I , T ) for the price P I,ε (K I , T ) at order 1 in ε. The proof of the approximation result is given in [9] and also in (Appendix 1) for completeness. The results are recalled here:
where the quantitiesP I,ε 0 and V I,ε 3 are defined as:
The operator . 1 denotes the average with respect to the invariant distribution of the Ornstein-Uhlenbeck process (Y 1 ) whose dynamics are described as follows:
Besides, the function φ I is defined as the solution of the following Poisson equation:
where L I 0 is the infinitesimal generator of the process (Y 1 ) and can be written:
Approximation Formula for Stock Option Price
Let P S,ε t (K S , T ) be the price, at time t, of an European call on the stock with strike K S and maturity T :
The notation P S,ε t is used instead of P S,ε t (K S , T ) for simplification purposes. Using a singular perturbation technique on the parameter ε, an approximatioñ P S,ε for the option's price P S,ε t is obtained. The approximation error is at order 1 in ε. The results can be detailed as follows:
where the quantitiesP S,ε 0 and V S,ε 3 are defined as:
The operator . 1,2 denotes the averaging with respect to the invariant distribution of Y 1 Y 2 t which has the following dynamics:
The function φ Idios is the solution of the equation:
Proof The price of an European call on the stock writes:
Since the process (S, Y, Z ) is markovian, the Feynman-Kac theorem can be used to prove that L S P S,ε t = 0 where L S is a differential operator expanded in powers of √ ε:
and L S 0 , L S 1 , L S 2 are defined as follows:
The differential operator L S 0 is the infinitesimal generator of the two-dimensional Ornstein-Uhlenbeck process Y 1 Y 2 which has the following dynamics:
The following notations are used:
• The operator . 1 denotes the averaging with respect to the invariant distribution of the process (Y 1,t ) t . • The operator . 2 denotes the averaging with respect to the invariant distribution of the process (Y 2,t ) t . • The operator . 1,2 denotes the averaging with respect to the invariant distribution of
The option price P S,ε is expanded in powers of √ ε:
then, the expression L S P S,ε t can be written as follows:
By classifying the terms of the last equation by powers of √ ε, the terms of orders (−2), (−1), 0, 1, 2 in √ ε are obtained:
The term of order (−2) in √ ε states that L S 0 P S,ε 0 = 0. Since the operator L S 0 contains only derivatives with respect to y and z, this equation can be solved by choosing P S,ε
= 0. The differential operator L S 1 contains first and second order derivatives with respect to y and z, thus being independent of Y t and Z t , it can be stated that:
Since L S 1 P S,ε 1 = 0, the term of order 0 in √ ε becomes:
which is a Poisson equation for P S,ε 2 with respect to L S 0 . The solvability condition for this equation is:
The average L S 2 1,2 of the generator L S 2 verifies:
is the solution of the following problem:
It can be easily seen that the quantity P S,ε 0 represents the Black-Scholes price of the option with implied volatility equal toσ S :
The term of order 1 in √ ε is a Poisson equation for P S,ε 3 with respect to L S 0 , whose solvability condition is:
The quantity P S,ε 1 is the solution of the last equation with terminal condition P S,ε 1 (T, S T ) = 0. The function f 1 is independent of z and the function f 2 is independent of y, it follows that: f 2 1 1,2 = f 2 1 1 and f 2 2 1,2 = f 2 2 2 . In addition, the function φ I which is the solution of (7), doesn't depend on z. This implies:
Let the function φ Idios be the solution of the following equation:
The function φ Idios doesn't depend on y, thus it can be deduced:
).
Building on this, it can be obtained:
The development of the right-hand side of the previous equation yields:
Let the quantities V S,ε 2 and V S,ε 3 be defined as follows:
The Eq. (18) becomes:
Consequently, P S,ε 1 is the solution of (20) with the final condition P S,ε 1 (T, S T ) = 0. Since the differential operator L S 2 1,2 = L S BS (σ S ) commits with the operators
, and that L S 2 1,2 P S,ε 0 = 0, the solution to the last problem can be given explicitly as:
In order to check the validity of the solution, the following verification can be made:
By neglecting terms of order higher to 1 in √ ε, the stock option price can be approx-
In order to reduce the number of the parameters in the approximation, a second approximation is derived here. Let L BS (σ * S ) be the Black-Scholes differential operator with volatilityσ * S :
Let the quantityP S,ε 0 be introduced as the solution of the following problem:
It follows thatP S,ε 0 = P BS (t, S t ,σ * S ). Following that, the quantityP S,ε 1 is defined as the solution of the following problem:
Using the same arguments as before, it can be deduced thatP S,ε
. It can be proved that the option price P S,ε can be approximated up to order 1 in √ ε byP S,ε which is defined as:
The proof of this result is detailed in (Appendix 2).
Calibration of Implied Beta Using Options Prices
In the last section, approximations for the prices of European options on the index and the stock are given respectively in (2) and (8) . Using these results, an estimator of the parameter β is provided in this model setting.
Approximation Formula of the Implied Volatility Smile
For the purpose of the beta estimation, a Taylor expansion is carried out in (Appendix 3) in order to provide approximations of the implied volatilities of the stock and the index. The following results are obtained:
The implied volatility of an European call on the index with strike K I and maturity T can be approximated, at order 1 in √ ε, by Σ I (K I , T ): 3 and F I = I t e r (T −t) . Likewise, the implied volatility of an European call on the stock with strike K S and maturity T can be approximated, at order 1 in √ ε, by Σ S (K S , T ): 3 and F S = S t e r (T −t) .
Comparison with the Model with Constant Idiosyncratic Volatility
The approximations of the smiles of the stock and the index, given in (22) and (23), are used here to estimate the parameter β. Indeed, based on the definitions of V S,ε 3 and V I,ε 3 , it can be written that:
The estimatorβ proposed in [9] and introduced in (1) verifies:
it can be deduced that, in the case of stochastic idiosyncratic volatility, the quantitŷ β is a biased estimator of the parameter β. Thus, it would be useful to provide an unbiased estimator of β in the new model setting.
Alternative Method for the Estimation
It can be recalled that:
Using the relations betweenσ 2 I and (σ * I ) 2 as well as betweenσ 2 S and (σ * S ) 2 , the following result is deduced:
Based on the smile approximation formula, given in (15) , for an asset A denoting either the stock S or the index I , it can be stated:
The latter second order equation inσ * A has two admissible solutions:
Thus, it can be deduced that the appropriate solution of the second-order equation is x 1 , and that the quantitiesσ * S andσ * I can be written as below:
Using previous results, the parameter β can be approximated usingβ:
Through the use of a Taylor expansion, it can be shown thatβ writes:
In order to compute the value ofβ, the quantities f 2 2 1,2 and V S,ε 2 can be estimated statistically using historical data from both option and underlying prices. The estimation procedure will be detailed in the next section.
Numerical Simulations
The accuracy of the estimatorsβ andβ are tested in this subsection on simulated data. Indeed, Monte Carlo simulations of the CAPM model with stochastic idiosyncratic volatility are performed using the following parameters:
The choice of the parameters r = μ S = μ I = 0 and γ 1 = γ 2 = 0 enables to have V S,ε 2 = V I,ε 2 = 0. Consequently, the parameterβ in (24) becomes:
. maturity T = 0.5. Finally, we compute the estimatorsβ andβ using (1) and (24) respectively, and we obtain the following histograms:
The histograms show that the estimatorβ insures a faster convergence towards the parameter β. Indeed, by using only 40,000 antithetic paths in each Monte Carlo pricing algorithm, the bias of the estimatorβ is lower than the one ofβ (Figs. 2, 3 ).
Applications for the Estimation of the Parameter β
In this section, we highlight the importance of the estimation of the parameter β under the risk-neutral measure P * . We present two main applications which emphasize the utility of this estimation for econometric studies or also for derivatives hedging. In the first subsection, we investigate whether the implied betaβ can predict the future value of the parameter β under the real-world probability measure P. This question is legitimate to be posed since option-implied information under the risk-neutral pricing measure P * may help to predict information under the physical measure P. In the second subsection, we show that the estimatorβ may be crucial for hedging purposes. Indeed, we point out that the quantityβ can be used in order to hedge the volatility or the delta risk of stock options using instruments on the index. Thus, we conclude that having a good estimation of the value of the parameter β under the risk-neutral measure P * can be very useful from a risk-management perspective (Figs. 4, 5 ). 
Prediction of Forward Beta
We use spot and option data of several US stocks and ETF between 01/01/2008 and 31/12/2012. The option prices have a maturity equal to T = 0.5 and a moneyness ranging between 80 to 120 %. The data sample used in this empirical study includes the following instruments: For every date t of the sample, the estimatorsβ(t) andβ(t) are computed according to (1) and (24) respectively. In order to computeβ, the methodology given below is followed:
1. The quantitiesσ I andσ S are approximated by the historical volatilities of the market index and the stock respectively using underlying log-returns. 3. From the estimated slope a S , the intercept b S and the effective volatilityσ S , the following quantities can be calculated:
4. Likewise, from the estimated slope a I , the intercept b I and the effective volatilitȳ σ I , the following quantities are computed:
The time series of the idiosyncratic volatility ( f (Z t )) t is obtained through the regression of the log-returns of the stock (S) on those of the index (I ). Using these data, the parameters m Z , ν Z and ρ Z are calibrated using the maximum likelihood method as suggested in [16] . The quantity f 2 2 1,2 is then evaluated. For example, if f 2 denotes the exponential function, then: Let the quantity β H denote the historical measure of the parameter beta. Thus, at a given date t, β H (t) is defined as the slope of the linear regression of the stock logreturns on the index log-returns between t − T and t. The estimator β H is computed on a backward window of length T , and so can be compared to the estimatorsβ(t) andβ(t) which are estimated using option prices with maturity T . The graphs below represent the time series (β(t)) t 0 ≤t≤t N , (β(t)) t 0 ≤t≤t N and (β H (t)) t 0 ≤t≤t N for t 0 = 01/01/2008 and t N = 31/12/2012. Let the parameter β F denote the forward realized beta, which is obtained as the slope of the linear regression of stock returns on index returns performed on a forward window with length T . In other words, β F (t) = β H (t + T ). It is then interesting to see how well the estimatorsβ,β and β H predict the quantity β F . The predictive power of these estimators is tested using several statistical measures, the bias and the root-mean-square error are retained here (Tables 1, 2 
):
It can be seen through the tables above that the historical beta estimator β H is unbiased for all the considered stocks and has in average the lowest RMSE compared to the estimatorsβ andβ. It can also be noticed that the estimatorβ has a significant positive bias for the stocks AAPL, GOOG, IBM, INTC, MSFT and a negative bias for XLF and BAC. Thus, the RMSE ofβ for these stocks is higher than the one of β H . It can be deduced that option market participants may have an expectation of the parameter β which is temporarily different from its value under the physical probability measure P, this finding proves the existence of discrepancies between the risk-neutral measure and the physical measure. 
Hedging of Options on the Stock by Instruments on the Index
The capital asset pricing model offers a practical framework where the stock dynamics are linked to those of the market index. This section aims to show that the parameter beta may be very useful to hedge the delta risk or volatility risk of a stock option using instruments on the index.
Hedging Volatility Risk
The natural way to hedge the volatility risk of a stock option is to use other stock options with a longer maturity. Nevertheless, if options on this stock are not sufficiently liquid, it won't be possible to carry out this hedging strategy. In this case, it may be judicious to use options on the index in order to perform the hedging. Let X be the value of the portfolio containing an option on the stock, a quantity −ϑ of an option on the index, a quantity −Δ S of the stock and a quantity Δ I of the index. The value of this portfolio at time t is X t = P S,ε t − ϑ t P I,ε t + Δ I,t I t − Δ S,t S t and X t satisfies the following SDE:
By rearranging the terms, the last equation becomes:
If the parameters (ϑ t , Δ S,t , Δ I,t ) are chosen in the following way:
then the portfolio X is delta-hedged continuously in the stock and the index, and is made insensitive to the variations of the process y. It follows that:
which means that the risk of the volatility of the index is canceled, and the only remaining risk comes from the idiosyncratic volatility. The hedging parameter ϑ t can be obtained through the computation of the terms ∂ P S,ε ∂ y and ∂ P I,ε ∂ y using Monte-Carlo simulations. This computation method is timeconsuming, so it may be interesting to have a closed-form approximation for this hedging ratio. For this purpose, the quantities ∂ P S,ε ∂ y and ∂ P I,ε ∂ y should be approximated at order 1 in ε as explained below:
Consequently, the quantity ϑ t writes:
Since P S,ε 0 and P I,ε 0 have known closed-form expressions, the quantity ϑ t can be approximated analytically byθ t = β 2
, the approximation error is at order 1 in ε.
Delta and Vega Hedging
The lack of liquidity or the presence of transaction costs on the stock can make the delta-hedging of the stock option costly. Therefore, it may be useful to have an alternative hedging strategy in circumstances where there are trading constraints on the stock. The setting of the CAPM model enables the decomposition of the stock risk into two parts: the index risk and the idiosyncratic risk. It is then reasonable in this framework to hedge the delta of a stock option using the index. Let L be the portfolio containing an option on the stock, a quantity −ϑ of an option on the index and a quantity −ϕ I of the index. We have then L t = P S,ε t − ϑ t P I,ε − ϕ I,t I t . It follows that:
By taking (ϑ t , ϕ I,t ) such that:
the risks related to the index and its volatility are hedged. It follows that:
Here again, the computation of the quantities ϑ t and ϕ I,t can be made easier through the estimation of the parameter β. Indeed, ϕ I,t and ϕ I,t can be approximated respec-
Numerical Simulations
We perform in this subsection numerical simulations in order to test the hedging strategies proposed so far. First, we generate 200 paths of the processes (I t ), (S t ), (y t ), (z t ) for t ∈ [0, T ] with a time step equal to δ = 1 256 . On each of these simulated paths indexed by i ∈ {1, . . . , 200}, and for k ∈ [0, T δ ], we generate 50,000 paths of (I The quantities ϑ kδ and ϕ I,kδ are approximated usingθ kδ andφ I,kδ respectively. We can then obtain X kδ denoting the portfolio value at time kδ, and we deduce the final value X T at the maturity date T . It should be precised here thatβ is used instead of β for the computation ofθ andφ I , so that the error of estimation is accounted in the hedging error (Figs. 6, 7 and Tables 3, 4 ).
For these numerical simulations, the following parameters are used: × 100 in the case of Delta and volatility risk hedging, are given below:
The same procedure is repeated here in order to perform the numerical simulations for T = 3 Months.
Conclusion
We presented in this paper a continuous time capital asset pricing model where the index and the stock have both stochastic volatilities. Through the use of singular perturbation technique, we provided approximations of the prices of European options on the index and the stock and we proposed an unbiased estimatorβ for the parameter beta under the risk-neutral pricing measure P * . We conducted an empirical study and showed that the estimatorβ, when compared to the classical estimator β H , doesn't insure a better prediction of the future realized β under the physical measure P. This proves again that there are some discrepancies between the pricing measure P * and the real-world measure P. Besides, we showed that the estimator β can be very useful when it comes to hedging stock options using instruments on the index. This approach, considered here as a relative-hedging method, can be very useful when the instruments needed for perfect replication are not liquid.
It would also be quite interesting to extend our study to the use of the implied beta for applications on portfolio construction on option and underlying assets. We keep this subject for a future work.
Since the process (I, Y ) is markovian, applying the Feynman-Kac theorem yields:
where L I is a differential operator whose elements can be classified by powers of √ ε:
The differential operator L I 0 represents the infinitesimal generator of the Ornstein-Uhlenbeck process (Y 1,t ) t which has the following dynamics:
The price P I,ε can be expanded in powers of √ ε:
Next to that, the term L I P I,ε t = 0 can be expanded and its elements can be classified by powers of √ ε. The terms of orders −2, −1, 0 and 1 in √ ε are written below:
The term P I,ε 0 is a solution of L I 0 P I,ε 0 = 0 with final condition P I,ε 0 (T, I T , y T ) = h(I T ) (h is independent of y T ). By solving this equation, it can be found that:
If C 1 is not the null function then the solution diverges when y → +∞. Nevertheless, in the case of a call option, the option price is bounded (0 ≤ P(t, I t ) ≤ I t ). Then the quantity C 1 has to be null, and then P 0 is independent of y. The term of order (−1) in √ ε yields L I 1 P I,ε 0 + L I 0 P I,ε 1 = 0 which reduces to L I 0 P I,ε 1 = 0 (since P 0 doesn't depend on y). Using the same reasoning as before, it can proved that P I,ε 1 = P I,ε 1 (t, I t ) which is independent of y. Consequently:
Using L I 1 P I,ε 1 = 0, the term of order 0 in √ ε becomes:
This is a Poisson equation for P I,ε 2 . Its solvability condition is:
where the operator . 1 is the average with respect to the invariant distribution
Then, the solvability condition reduces to:
The operator L I 2 1 has the following form:
The term P I,ε 0 is the solution of the following problem:
Therefore, P I,ε 0 = P BS (t, I t ,σ I ) meaning that P I,ε 0 is the Black-Scholes price of the index option with implied volatility equal toσ I .
As a result, the term P I,ε 2 can be written as P I,ε 2 = −(L I 0 ) −1 (L I 2 − L I 2 1 )P I,ε 0 . The term of order 1 in √ ε is a poisson equation for P I,ε 3 . Its solvability condition is :
Let φ I the solution of the following Poisson equation:
Since the difference term between the differential operator L I 2 and its average is:
it can be written that:
By applying the operator L 1 to the last equation, it follows that:
Let the quantities V I,ε 2 and V I,ε 3 be defined as below:
Using V I,ε 2 and V I,ε 3 , the Eq. (27) becomes:
Therefore, P I,ε 1 is the solution of the following problem :
In order to simplify the notations, the following differential operators are defined:
Using the fact that L I 2 1 = L BS (σ I ) commits with D 1,I and D 2,I , and that L I 2 1 P 0 = 0, the solution to the last problem can be given explicitly by:
By neglecting terms of order higher or equal to 2 in √ ε, the option's price can be approximated by (P I,ε 0 + √ ε P I,ε 1 ). As it was proven by the authors in [9] , it is possible to carry out a parameter reduction method and approximate P I,ε by the following formula:
(33)
Appendix 2: Accuracy of the Approximation
It can be seen here that:
Using (34), it can be proved that:
Consequently, it follows that:
The first term |P S,ε,δ − (P S,ε 0 + √ ε P S,ε 1 )| is already o(ε). Therefore, the second term should be studied. To simplify the notations, the error term R is introduced as following:
Besides the differential operators H ε and H * ε are defined:
Using the previous notations, the quantity L BS (σ S )R can be computed:
Knowing that:
and additionally R(T ) = 0, then it follows that R = O(ε). This concludes the derivation of the following result:
So up to order 1 in √ ε, the option price P S,ε can be approximated byP S,ε which is defined as:P S,ε =P S,ε 0 + √ εP S,ε 1 .
The estimation error obtained, when approximating P S,ε byP S,ε , is at order 1 in ε. Indeed, by neglecting terms of order higher to 1 in √ ε, the term (P S,ε 0 + √ ε P S,ε 1 ) is obtained as an approximation of the price P(t, S t , Y t ). It is then important to show that this approximation is of order 1 in ε meaning that:
The proof of this property is given in [17] in the case where the payoff h is smooth. A summary of this proof is given here in order to make this paper self contained. Let us introduce the quantity Z S,ε which verifies that: P(t, S t , Y t ) = P S,ε 0 + √ ε P S,ε 1 + ε P S,ε 2 + ε 3 2 P S,ε 3 − Z S,ε .
Since L S P(t, S t , Y t ) = 0, it follows that:
L S Z S,ε = L S (P S,ε 0 + √ ε P S,ε 1 + ε P S,ε 2 + ε 3 2 P S,ε 3 ).
The differential operator L S can be written as L S = L S 2 + 1 √ ε L S 1 + 1 ε L S 0 . By developing L S Z S,ε and regrouping the terms by orders of √ ε, it follows that:
The terms P S,ε 0 , P S,ε 1 and P S,ε 2 are chosen to nullify the first four terms in the previous equation, therefore:
and Z S,ε satisfies the final condition:
Using the Feynman-Kac theorem, it follows that: Under assumptions on the smoothness of the payoff function h and boundedness of the functions χ 1 and χ 2 , the term Z S,ε is at most linearly growing in |y| and |z| and then Z S,ε (t, x, y, z) = O(ε) The demonstration of the accuracy of the approximation for a non smooth payoff h (as in the case of a call option) is derived in [18] .
The symbol A is used to denote either the stock S or the index I . The price of an European option P A,ε on the asset A can be written as:
whereP 0 A,ε is defined as:P 0 A,ε = P BS (t, A t ,σ * A ).
The term P A,ε could represent the price of the option on the index P I,ε if A = I or the price of the option on the stock P S,ε in the case where A = S. Let I A be the implied volatility associated to the asset's option price P A,ε meaning that P A,ε = P BS (t, A t , I A (K A , T ) ). An expansion of I A (K , T ) could be made aroundσ * A in powers of √ ε:
Using Taylor's formula, it follows that:
Combining the Eqs. (35) and (36) gives:
Performing simple computations on the derivatives of the Black-Scholes price yields that:
By applying then the operator D 1,A to the last equation, it can be obtained that:
Using closed-form formulas of Black-Scholes greeks, it can be written that:
The Eq. (37) can be written as:
Then, it is straightforward that:
The implied volatility can then be approximated using the following formula:
Then, the following smile approximation can be obtained:
